We show that a profinite group with the same first-order theory as the direct product over all odd primes p of the dihedral group of order 2p, is necessarily isomorphic to this direct product.
Introduction
We say that a profinite group is axiomatizable if for every profinite group ƒ with the same first-order theory as that of (in the language of groups), we have ƒ Š . The study of axiomatizable profinite groups began in [4] , where it is shown that finitely generated profinite groups are axiomatizable, and an example of a profinite group that is not axiomatizable is given (for instance, Z @ 0 2 ). More generally, it is shown in [3] that a strongly complete profinite group (that is, a profinite group all of whose finite index subgroups are open) is axiomatizable. Are there more axiomatizable profinite groups?
By [3, Corollary 3 .8] a strongly complete profinite group is small (that is, it has only finitely many open subgroups of index n, for every n 2 N). Thus, a possible precise formulation given by [3, Question 3.15 (i)] for the question we have just raised is whether every axiomatizable profinite group is small. Here, a negative answer to this question is given. and note that this defines a group if Aut./ is abelian.
For a prime number p we denote by C p the cyclic group of order p.
If p is odd, then Aut.
Let p be a generator of C p , and let p be a generator of Inv.C p / so that they generate D p and we have
Proof. For one inclusion note that D p =C p is abelian, and for the other one take some n p 2 C p . As p is odd, there exists a k 2 Z such that 2k Á n .p/. We find that
where the products (here and in the sequel) are always taken over all odd primes p.
Since C p C D p and D p =C p Š C 2 for all odd primes p, we conclude that C is a closed normal procyclic subgroup of G with G=C Š .Z=2Z/ @ 0 . Hence,
and G=C is not small. Therefore, G is not small as well. Furthermore, we have G D C Ì E. Since the Sylow subgroups of C are normal, we see that
is an abelian group, so
Definition 2.6. For a profinite group we denote by 0 its profinite commutator, which is the closed subgroup of generated by ¹OEa; b j a; b 2 º. holds in G since we can take x D p .
Definition 2.8. We say that profinite groups ; ƒ are elementarily equivalent if they have the same first-order theory, and denote this by Á ƒ.
3 The proof of Theorem 1.1
Let e G be a profinite group for which G Á e G. Set e C WD ¹OEg; h j g; h 2 e Gº (3.1) and note that it is the image in e G of the compact e G 2 under the continuous map sending .g; h/ 2 e G 2 to OEg; h 2 e G. Hence, e C is compact, and thus closed in e G. By (2.4), e C is a subgroup of e G, and by (2.3), (3.1) we have C Á e C . By [4, Theorem A], we have C Š e C and by (2.5) every element of e G= e C is of order dividing 2, so j e G= e C j is prime to j e C j D jC j. Since e C Š C is abelian and normal in e G, the action by conjugation of e G on e C gives rise to a continuous homomorphism W e G= e C ! Inv. e C /. By the Schur-Zassenhaus theorem (see [1, Lemma 22 .10.1]) we get that e G Š e C Ì e G= e C : (3.2) By (2.6) is injective, and in order to see that it is also surjective, first identify Inv. e C / with Inv.C /. A generating set for Inv. e C / is thus given by ¹ p º p . By (2.7) the image of contains p for each odd prime p, so is a surjection, and thus an isomorphism. We conclude that
Remark 3.1. From our proof of Theorem 1.1 one can extract an explicit (infinite) set of axioms characterizing G up to an isomorphism. For that, one just has to find a set of first-order sentences characterizing C , and such a set can be obtained from the proof of [4, Theorem A]. Let us however write down such axioms for C explicitly. First, we take a sentence saying that C is abelian. Since an abelian profinite group is isomorphic to the direct product of its Sylow subgroups, it suffices to include axioms assuring that the Sylow subgroups are elementary abelian, and cyclic. For that matter, include a sentence saying that C D C 2 , and fix an odd prime p. Finally, take a sentence saying that C =C p 2 Š Z=pZ, so that the p-Sylow subgroup is isomorphic to Z=pZ.
